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Abstract. Holonomy algebras of Lorentzian Weyl spin manifolds with weighted parallel spinors
are found. For Lorentzian Weyl manifolds admitting recurrent null vector fields are introduced
special local coordinates similar to Kundt and Walker ones. Using that, the local form of all
Lorentzian Weyl spin manifolds with weighted parallel spinors is given. The Einstein equation
for the obtained metrics is analyzed and examples of Einstein-Weyl spaces with weighted parallel
spinors are given.
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Introduction
The present paper is dedicated to the study of weighted parallel spinors onWeyl spin manifolds
of Lorentzian signature. Parallel spinors are special Killing spinors which represent supersymmetry
generators of supersymmetric field theories and supergravity theories. The physical motivation
for study Weyl spaces with weighted parallel spinors may be found in [17].
There is a one-to-one correspondence of parallel spinors and holonomy-invariant elements of
the spinor module. This correspondence allowed to describe the following simply connected spin
manifolds with parallel spinors: Riemannian manifolds [11, 19], pseudo-Riemannian manifolds
with irreducible holonomy groups [2], Lorentzian manifolds [7, 10, 15, 16].
The work [18] initiated the study of parallel spinors on Weyl manifolds. It was proven that
in the Riemannian signature, parallel spinors of weight zero for non-closed Weyl structures exist
only on certain non-compact 4-dimensional manifolds. Killing spinors of arbitrary weight on
Riemannian Weyl spin manifolds were studied for the first time in [8]. The work [17] provides a
deep investigation of parallel weighted spinors on Einstein-Weyl manifolds of Lorentzian signature
with a special attention to the dimensions 4 and 6. The techniques developed for classification of
supergravity solutions was used.
In the present paper we provide a description of simply connected Lorentzian Weyl spin
manifolds admitting weighted parallel spinors. The main tool for that are holonomy groups. In
Sections 1 and 2 we give necessary background on weighted parallel spinors and spinor modules. In
Section 3 we review the recent classification of holonomy algebras of LorentzianWeyl manifolds [9].
In Section 4 we classify the holonomy algebras of Lorentzian Weyl spaces admitting weighted
parallel spinors. It turns out that for non-closed Weyl structures, there are two types of such
algebras. In each case, the dimension of the space of parallel spinors is found. In Section 5 we give
a local description of Lorentzian Weyl structures that admit parallel distributions of null lines. We
show that under a mild condition, such structures may be described by Walker coordinates [6].
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Using that, in Section 6, we found the local form of the Lorentzian Weyl structures admitting
weighted parallel spinors. In Section 7, we analyze the Einstein equation for the obtained metrics
and construct examples of Einstein-Weyl spaces with weighted parallel spinors.
As it is explained in [1], the results on Weyl connections may be applied to metric connections
with vectorial torsion.
1. Weighted parallel spinors
Let (M, c,∇) be a Weyl manifold, i.e., c is a conformal class of pseudo-Riemannian metrics of
signature (r, s) (r denotes the number of minuses) on a smooth manifoldM , and ∇ is a torsion-free
affine connection on M such that, for each g ∈ c, there exists a 1-form ω with
(1) ∇g = 2ω ⊗ g.
Note that a metric g and the corresponding 1-form ω determine the connection ∇, it holds
(2) ∇ = ∇g +K, g(KX(Y ), Z) = g(Y, Z)ω(X) + g(X,Z)ω(Y )− g(X,Y )ω(Z),
where ∇g is the Levi-Civita connection of the metric g, and X,Y, Z are vector fields on M .
We define the spinor bundles following [8]. Let
CSpin(r, s) = R+ × Spin(r, s), CO(r, s) = R+ × SO(r, s).
We obtain the twofold covering
λc : CSpin(r, s)→ CO(r, s).
For an oriented Weyl manifold (M, c,∇), let PCO be the corresponding bundle of oriented confor-
mal frames. A spin structure on (M, c,∇) is a λc-reduction of the bundle PCO to a bundle PCSpin.
Let ∆r,s be the standard spinor module, we recall its definition in the next section. Let w ∈ R.
The spinor representation kw of CSpin(r, s) on ∆r,s with weight w is defined by
kw(a, h)ψ = awhψ,
where a ∈ R+, h ∈ Spin(r, s), and ψ ∈ ∆r,s.
The spinor bundle with weight w is defined by
Sw = PCSpin ×kw ∆r,s.
The connection ∇ induces a connection ∇S on Sw. For the holonomy group of the connection ∇S
at a point x ∈M it holds
Holx(∇S) = (λc)−1(Holx(∇)),
where Holx(∇) is the holonomy group of the connection ∇ at x ∈ M . Let us fix a metric g ∈ c.
Denote by ∇g and ∇S,g the corresponding Levi-Civita connection and the connection in the spinor
bundle, respectively. The connection ∇S is given by
∇SXψ = ∇S,gX ψ −
1
2
X · ω · ψ +
(
w − 1
2
)
ω(X)ψ.
A spinor ψ of weight w on M is called parallel if ∇Sψ = 0. Clearly, there is an isomorphism of
the space of parallel spinors of weight w and the space of holonomy-invariant spinors of the spinor
module of weight w:
{ψ ∈ Γ(Sw)|∇Sψ = 0} ∼= {ψx ∈ Sx = ∆r,s|Aψx = ψx ∀A ∈ Holx(∇S)}.
If the manifold M is simply connected, then the both spaces are isomorphic to
{ψx ∈ Sx = ∆r,s|ξψx = 0 ∀ξ ∈ holx(∇S)},
where holx(∇S) is the holonomy algebra of the connection ∇S at the point x, i.e., the Lie algebra
of the holonomy group Holx(∇S).
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2. Spinor modules
Let us fix some standard notation. Let Rr,s be a pseudo-Euclidean space with the metric g
of signature (r, s). Let (Clr,s, ·) be the corresponding Clifford algebra and Clr,s = Clr,s ⊗ C be its
complexification. The last algebra can be represented as an matrix algebra in the following way.
Consider the basis (
u(ǫ) =
√
2
2
(
1
−ǫi
)
, ǫ = ±1
)
of C2. Define the following isomorphisms of C2:
E = id, T =
(
0 −i
i 0
)
, U =
(
i 0
0 −i
)
, V =
(
0 i
i 0
)
.
It holds
T 2 = −V 2 = −U2 = E, UT = −iV, V T = iU, UV = −iT,
Tu(ǫ) = −ǫu(ǫ), Uu(ǫ) = iu(−ǫ), T u(ǫ) = ǫu(−ǫ).
Let n = r + s. A basis e1, ..., en of R
r,s is called orthonormal if g(ei, ej) = kiδij , where ki = −1 if
1 6 i 6 r, and ki = 1 if r + 1 6 i 6 n. Let us fix such basis. For an integer m denote by C(m)
the algebra of the complex square matrices of order m. Define the following isomorphisms:
1) if n is even, then define Φr,s : Clr,s → C
(
2
n
2
)
by
Φr,s(e2k−1) = τ2k−1E ⊗ · · · ⊗ E ⊗ U ⊗ T ⊗ · · · ⊗ T︸ ︷︷ ︸
(k−1)−times
,(3)
Φr,s(e2k) = τ2kE ⊗ · · · ⊗ E ⊗ V ⊗ T ⊗ · · · ⊗ T︸ ︷︷ ︸
(k−1)−times
,(4)
where 1 6 k 6 n2 , τi = i if 1 6 i 6 r, and τi = 1 if r + 1 6 i 6 n;
2) if n is odd, then define Φr,s : Clr,s → C
(
2
n−1
2
)
⊕ C
(
2
n−1
2
)
by
Φr,s(ek) = (Φr,s−1(ek),Φr,s−1(ek)), k = 1, ..., n− 1,(5)
Φr,s(en) = (T ⊗ · · · ⊗ T,−iT ⊗ · · · ⊗ T ).(6)
The obtained representation space ∆r,s = C
2[
n
2
]
is called the spinor module. We write A · s =
Φr,s(A)s for all A ∈ Clr,s, s ∈ ∆r,s. We will consider the following basis of ∆r,s:
(u(ǫk, ..., ǫ1) = u(ǫk)⊗ · · · ⊗ u(ǫ1)|ǫi = ±1).
Recall that the Lie algebra spin(r, s) of the Lie group Spin(r, s) can be embedded into Clr,s in the
following way:
spin(r, s) = span{ei · ej |1 6 i < j 6 n}.
The Lie algebra so(r, s) can be identified with the space of bivectors Λ2Rr,s in such a way that
(7) (x ∧ y)z = g(x, z)y − g(y, z)x, x, y, z ∈ Rr,s.
There is the isomorphism
λ∗ : so(r, s)→ spin(r, s), λ∗(x ∧ y) = x · y.
The obtained representation of so(r, s) in ∆r,s is irreducible if n is odd, and this representation
splits into the direct some of two irreducible modules
∆±r,s = span{u(ǫk, ..., ǫ1)|ǫ1 = · · · = ǫk = ±1}
if n is even.
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3. Holonomy and curvature of Weyl manifolds
Let us summarize the recent result on the classification of the holonomy algebras of Weyl
manifolds of Lorentzian signature [9]. Let (M, c,∇) be a Weyl manifold of Lorentzian signature
(1, n+ 1), n > 1. Then its holonomy algebra is contained in the conformal Lorentzian algebra
co(1, n+ 1) = R id⊕so(1, n+ 1).
If the Weyl structure is closed, then the holonomy algebra is contained in so(1, n + 1) and it
is well-studied [16]. By that reason we suppose that the Weyl structure is non-closed, and the
holonomy algebra is not contained in so(1, n+ 1).
Fix a Witt basis p, e1, . . . , en, q of the Minkowski space R
1,n+1. With respect to that basis the
subalgebra of so(1, n+ 1) preserving the null line Rp has the following matrix form:
co(1, n+ 1)Rp =

a Xt 00 A −X
0 0 −a
∣∣∣∣∣∣
a ∈ R
A ∈ so(n)
X ∈ Rn
 .
We get the decomposition
so(1, n+ 1)Rp = (R⊕ so(n))⋉Rn.
An element of
co(1, n+ 1)Rp = R id⊕so(1, n+ 1)Rp
will be denoted by (b, a, A,X), where b ∈ R and (a,A,X) is defined by the above matrix.
The only irreducible holonomy algebra is the whole co(1, n+1). The first result describes the
holonomy of conformal products (in the sense of [3]).
Theorem 1. [9] If the holonomy algebra g ⊂ co(1, n + 1) of a non-closed Weyl connection
preserves an orthogonal decomposition
R
1,n+1 = R1,k+1 ⊕ Rn−k, −1 6 k 6 n− 1,
then g is one of the following:
• R id⊕so(1, k + 1)⊕ so(n− k);
• R(1,−1, 0, 0)⊕ k⊕ so(n− k)⋉Rk, where 0 6 k 6 n− 1, and k ⊂ so(k) is the holonomy
algebra of a Riemannian manifold.
The second algebra from Theorem 1 is contained in co(1, n+ 1)Rp.
The rest of the holonomy algebras do not preserve any non-degenerate subspace, but preserve
a null line and may be considered as subalgebras of co(1, n+ 1)Rp.
Theorem 2. [9] If the holonomy algebra g ⊂ co(1, n + 1) of a non-closed Weyl connection
does not preserve any non-degenerate subspace of R1,n+1 and preserves a null line, then g is one
of the following:
• gR,1,h = {(b, a, 0, 0) | b, a ∈ R} ⊕ h⋉Rn;
• gR,2,h = {(b, 0, 0, 0) | b ∈ R} ⊕ h⋉Rn;
• gR,3,h,ϕ = {(b, ϕ(A), A, 0) | b ∈ R, A ∈ h} ⋉Rn;
• gβ,θ,1,h = {(βa+ θ(A), a, A, 0) | a ∈ R, A ∈ h}⋉Rn;
• gθ,2,h = {(θ(A), 0, A, 0) | A ∈ h} ⋉Rn,
• gθ,3,h,ϕ = {(θ(A), ϕ(A), A, 0) | A ∈ h} ⋉Rn.
Here h ⊂ so(n) is the holonomy algebra of a Riemannian manifold, β ∈ R, and θ, ϕ : h → R are
linear maps such that θ
∣∣
[h,h]
= ϕ
∣∣
[h,h]
= 0, ϕ 6= 0. Moreover, for the forth algebra it holds β 6= 0
or θ 6= 0, and for the last two algebras it holds θ 6= 0.
Let g ⊂ gl(n,R) be a subalgebra. An algebraic curvature tensor of type g is a linear map
R : ∧2Rn → g satisfying the Bianchi identity
R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0 ∀X,Y, Z ∈ Rn.
For a subalgebra h ⊂ so(n) consider the space
P(h) = {P ∈ Hom(Rn, h)|g(P (X)Y, Z) + g(P (Y )Z,X) + g(P (Z)X,Y ) = 0 ∀X,Y, Z ∈ Rn}.
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Theorem 3. ([9]) Each algebraic curvature tensor R of type co(1, n+1)Rp is uniquely deter-
mined by the following elements:
µ, λ ∈ R, X0, Z0 ∈ Rn, γ ∈ Hom(Rn,R), P ∈ P(so(n)), K ∈ ⊙2Rn, S + τ id ∈ R(co(n))
where S ∈ Hom(∧2Rn, so(n)), τ ∈ Hom(∧2Rn,R),
and the equalities
R(p, q) =
(
µ, λ,A0, X0
)
,
R(p, V ) =
(
g(Z0, V ), g(Z0, V ), Z0 ∧ V,−(A0 + µEn)V
)
,
R(U, V ) =
(
g(A0U, V ), g(A0U, V ), S(U, V ), L(U, V )
)
,
R(U, q) =
(
γ(U), g(U,X0)− γ(U), P (U),K(U)
)
,
(8)
where A0 ∈ so(n) is defined from the condition τ(U, V ) = g(A0U, V ), and
L(U, V ) = P (V )U + γ(V )U − P (U)V − γ(U)V.
Theorem 4. ([9]) Let g ⊂ co(1, n + 1)Rp be a subalgebra and let h ⊂ so(n) be its projection
to so(n). If h is a proper subalgebra of so(n), then each algebraic curvature tensor R of type g
satisfies
Z0 = 0, τ = 0, A0 = 0, S ∈ R(h), P ∈ P(h).
4. Weighted parallel spinors and holonomy
In this section we characterize simply connected Weyl manifolds of Lorentzian signature ad-
mitting weighted parallel spinors in terms of the holonomy algebras.
First we recall some known results. Let h ⊂ so(n) be the holonomy algebra of a Riemannian
manifold. Recall that there is an orthogonal decomposition
(9) Rn = Rn0 ⊕ Rn1 ⊕ · · · ⊕ Rns
and the corresponding decomposition into the direct sum of ideals
(10) h = {0} ⊕ h1 ⊕ · · · ⊕ hs
such that h annihilates Rns+1 , hi(R
nj ) = 0 for i 6= j, and hi ⊂ so(ni) is an irreducible subalgebra
for 1 6 i 6 s. Moreover, the subalgebras hi ⊂ so(ni) are the holonomy algebras of Riemannian
manifolds. This decomposition of the holonomy algebra corresponds to the de Rham decomposition
of the manifold (M, g). Let (M, g) be a simply connected Riemannian spin manifold. Then
(M, g) admits a non-zero parallel spinor if and only if in the decomposition (10) of h ⊂ so(n)
each subalgebra hi ⊂ so(ni) coincides with one of the Lie algebras su(ni2 ), sp(ni4 ), G2 ⊂ so(7),
spin(7) ⊂ so(8) [19].
For the holonomy algebra g ⊂ so(1, n+ 1) of a Lorentzian manifold (M, g), the Wu Theorem
implies decompositions similar to (9) and (10) with the following difference. There are two possible
cases. In the first case, the subspace Rn0 annihilated by g is of Lorentzian signature, then g is just
the same as the above h, and the condition implied by the existence of a non-zero parallel tensor is
the same as above. In the second case, one of the factors, e.g., Rn1 is of Lorentzian signature, i.e.,
h1 ⊂ so(1, n1−1), and h1 does not preserve any proper non-degenerate vector subspace of R1,n1−1.
There exists a non-zero parallel spinor if and only if h2, . . . , hs are as above and h1 annihilates a
null vector in R1,n1−1, and it is isomorphic to the Lie algebra f⋉Rn1−2, where f ⊂ so(n1−2) is the
holonomy algebra of a Riemannian spin manifold admitting a non-zero recurrent spinor (n1 > 3).
Now we prove one of the main results of the present paper.
Theorem 5. Let (M, c,∇) be a simply connected Weyl spin manifold of Lorentzian signature
(1, n+ 1), n > 1. Then it admits a parallel spinor of weight w if and only if its holonomy algebra
is one of the following:
• gw,h = R (1, w2 , 0, 0)⊕ h⋉Rn for arbitrary w;
• gk = R(1,−1, 0, 0)⊕ k⋉Rn−1 only for w = −2.
6 ANDREI DIKAREV AND ANTON S. GALAEV
Here k ⊂ so(n−1) and h ⊂ so(n) are the holonomy algebras of Riemannian spin manifolds carrying
parallel spinors.
The dimension of the space of weighted parallel spinors on (M, c,∇) with the holonomy algebra
gw,h equals to
dim{ψ ∈ ∆n|ξψ = 0 ∀ξ ∈ h}.
The dimension of the space of weighted parallel spinors on (M, c,∇) with the holonomy algebra gk
equals to {
dim{ψ ∈ ∆n−1|ξψ = 0 ∀ξ ∈ k}, if n is is even,
2 dim{ψ ∈ ∆n−1|ξψ = 0 ∀ξ ∈ k}, if n is is odd.
Proof. Let g ⊂ co(1, n + 1) be the holonomy algebra of (M, c,∇). It is clear that the Lie
algebra co(1, n+1) does not annihilate any non-zero element of the module ∆1,n+1 for arbitrary w.
Let g be the first algebra from Theorem 1. Suppose that it annihilates a non-zero element
in ∆1,n+1. Then so(1, k + 1) ⊕ so(n − k) annihilates this element as well. On the other hand,
depending on n and k, ∆1,n+1 considered as the so(1, k+1)⊕so(n−k)-module is either isomorphic
to ∆1,k+1 ⊗∆n−k or to the direct sum of two copies of this module. This gives a contradiction
since due to the restriction on n and k it is not possible that both so(1, k+1) annihilates a non-zero
element of ∆1,k+1 and so(n− k) annihilates a non-zero element of ∆n−k.
Now we consider holonomy algebras from Theorem 2. Let g be one of these algebras.
Under the identification so(1, n + 1) ∼= Λ2R1,n+1 given by (7), an element (0, a, A,X) ∈
so(1, n+ 1)Rp corresponds to the bivector
−ap ∧ q +A− p ∧X.
Recall that
∆1,n+1 ∼= ∆n ⊗∆1,1, ∆1,1 ∼= C2.
Consider the vectors e− =
√
2
2 (p−q) and e+ =
√
2
2 (p+q) and the orthonormal basis e−, e+, e1, ..., en
of R1,n+1. Note that p =
√
2
2 (e− + e+) and q =
√
2
2 (e− − e+).
Let ψ ∈ ∆1,n+1 be a spinor annihilated by g. We may write
ψ = ψ+ ⊗ u(1) + ψ− ⊗ u(−1),
where ψ± ∈ ∆n. Using (3), (4) and the computations from [15] it is easy to get that
(e1 ∧ p) · ψ =
√
2
2
e1 · (e− + e+) · ψ =
√
2(ei · ψ−)⊗ u(1).
Hence the equalities (ei ∧ p) · ψ = imply ei · ψ− = 0. Since non-zero vectors from Rn act in ∆n
as isomorphisms, we get ψ− = 0. Thus, ψ = ψ+ ⊗ u(1), i.e., ψ ∈ ∆n ⊗ u(1). Moreover, it is clear
that ∆n ⊗ u(1) is a trivial p ∧ Rn-module. Next,
(p ∧ q) · (ψ+ ⊗ u(1)) = 2ψ+ ⊗ u(1), A(ψ+ ⊗ u(1)) = A(ψ+)⊗ u(1)
for all ψ+ ∈ ∆n and A ∈ so(n).
Suppose that R id ∈ g, i.e., g = R id⊕g˜, where g˜ ⊂ so(1, n+1)Rp is the holonomy algebra of a
Lorentzian manifold. Then g may annihilate only spinors of weight 0, and these spinors are also
annihilated by g˜. According to [15, 16], g˜ = h ⋉ Rn, where h ⊂ so(n) is the holonomy algebra
of a Riemannian manifold carrying a parallel spinor. We see that g is the first algebra from the
statement of the theorem with w = 0.
Consider a holonomy algebra from Teorem 2 defined by a map θ. Suppose that it annihilates
a non-zero spinor ψ of weight w. Let (θ(A), a, A, 0) ∈ g. Then ψ = ψ+ ⊗ u(1) and
wθ(A)ψ+ − 2aψ+ +Aψ+ = 0.
Since subalgebras of so(n) have non non-trivial real one-dimensional representations, we get
wθ(A) = 2a, Aψ+ = 0.
for all A ∈ h. This imples that h annihilate ψ+. As we have seen in Section 3, the center of h is
trivial. This implies that θ = 0. Thus, g is gβ,θ,1,h with θ = 0, and β = 2
w
.
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Thus the algebras of Theorem 2 give us the first algebra from the statement of the theo-
rem. This algebra annihilates a spinor ψ as above if and only if the corresponding subalgebra h
annihilates the spinor ψ+.
Let finally g be the second algebra from Theorem 1. Now it is clear that if this algebra
annihilates a non-trivial element in ∆1,n+1 then so(n − k) must annihilate a spinor in ∆n−k.
This is possible only if k = n − 1. We obtain the algebra gk. Finally, the statement about the
dimension of parallel spinors for that algebra follows from the obvious fact that ∆n considered as
the so(n− 1)-module coincides with ∆n−1 if n is even, and ∆n is the direct sum of two copies of
∆n−1 if n is odd. The theorem is proved. 
Note that if the holonomy algebra of a simply connected Weyl manifold (M, c,∇) is gk, then
(M, c,∇) admits a parallel null vector field; (M, c,∇) is a conformal product with a 1-dimensional
factor, and (M, c,∇) admits also a space-like recurrent vector field.
Theorem 5 implies that if a simply connected manifold (M, c,∇) with a non-closed Weyl
stracture admits a non-zero weighted parallel spinor, then it admits a non-zero recurrent null vector
field. This may be seen in the following way. The spinor module ∆1,n+1 admits an so(1, n+ 1)-
invariant Hermitian product b. A spinor ψ defines the Dirac current Vψ by the equality
g(Vψ , X) = −b(X · ψ, ψ).
Using the computations similar to [15], it is not hard to prove that if ψ is a weighted parallel
spinor, then Vψ is a recurrent vector field. Next, g(Vψ, Vψ) 6 0, and Vψ(x) = 0 (x ∈M) if and only
if ψ(x) = 0. Since ψ is parallel, it is nowhere vanishing, and hence the vector field Vψ is either null,
or it is light-like. The second case would imply that the holonomy algebra g of (M, c,∇) preserves
a light-like line in R1,n+1, and by Theorem 1, g would coincide with R idR1,n+1 ⊕so(n + 1), but
since n > 1, in that case (M, c,∇) does not admit any non-zero weighted parallel spinor. Thus,
the Dirac current is null, and consequently it is proportional to the vector field ∂v.
5. Kundt and Walker structures for Weyl manifolds
Our next task is to describe the structures of the spaces with the holonomy algebras from
Theorem 5. For that we introduce in this section the special local coordinates for Weyl manifolds
admitting parallel distributions of null lines.
On the space Rn+2 consider the coordinates v, x1, . . . , xn, u and the metric
(11) g = 2dvdu+ h+ 2Adu+H(du)2,
where
h = hijdx
idxj , ∂vhij = 0,
is a u-family of Riemannian metrics, and
A = Aidx
i
is a 1-form. The metric g is called a Kundt metric, see, e.g., [5]. If the functions Ai are independent
of the coordinate v, then g is a Walker metric [6]. In that case, the null vector field ∂v is recurrent,
and it generates a parallel distribution of null lines. Each Lorentzian manifold with a parallel
distribution of null lines is locally given by such metric.
Suppose now that (M, c,∇) is a Lorentzian Weyl manifold that admits a parallel distribution
of null lines, i.e., the holonomy algebra of (M, c,∇) is contained in co(1, n+ 1)Rp. The local form
of general (M, c,∇) is given in the following theorem.
Theorem 6. Let (M, c,∇) be a Lorentzian Weyl manifold of dimension n + 2 admitting
a parallel distribution of null lines. Then around each point of M there exist local coordinates
v, x1, . . . , xn, u and a metric g ∈ c such that g is given by (11), and the corresponding 1-form ω
satisfies ω(∂v) = 0.
If (M, c,∇) satisfies an additional condition on the curvature, then we obtain a finer description
of the local structure of (M, c,∇).
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Theorem 7. In the settings of Theorem 6, suppose that the curvature tensor of ∇ satisfies
(12) Rvvvj = R
v
vij = 0.
Then the metric g and the local coordinates may chosen in such a way that g is a Walker metric,
and ω = fdu for a function f . Moreover, the coordinates may be chosen in such a way that A = 0.
Note that the conditions (12) are invariant under coordinate transformations preserving the
form of the metric (11). These conditions is an obstruction to the local existence of a Walker
metric in the conformal class. Theorem 4 immediately implies
Theorem 8. In the settings of Theorem 6, if the projection of the holonomy algebra g to the
subalgebra so(n) ⊂ co(1, n+ 1)Rp is different from so(n), then the conditions (12) are satisfied.
Proof of Theorems 6 and 7. Let ℓ be a parallel distribution of null lines on (M, c,∇).
It is clear that the orthogonal complement ℓ⊥ (taking with respect an arbitrary g ∈ c) is also
parallel. Since the connection ∇ is tosion-free, the distribution ℓ⊥ is involutive. The flag of
involutive distributions ℓ ⊂ ℓ⊥ defines a flag of foliations. Let v, x1, . . . , xn, u be local coordinates
corresponding to that flag of foliations. This means that the vector field ∂v spans the distribution
ℓ, while the vector fields ∂v, ∂x1 , . . . , ∂xn span the distribution ℓ
⊥. Let g ∈ c be a metric such that
g(∂v, ∂u) = 1. Then it is given by (11) with h possibly depending on v.
Applying the vector field ∂v to the equality 1 = g(∂v, ∂u) and using (1), we get
0 = 2ω(∂v)g(∂v, ∂u) + g(∇∂v∂v, ∂u) + g(∂v,∇∂v∂u).
This implies
(13) 2ω(∂v) + Γ
v
vv = 0.
In the same way we obtain
(14) ∂vhij = 2ω(∂v)hij , ∂vAi = 2ω(∂v)Ai + Γ
v
vi, 2ω(∂i) + Γ
v
vi = 0.
We wish to change the coordinates and the metric g in such a way that Γvvv = Γ
v
vi = 0. The
arbitrary coordinate transformation that preserves the above flag of foliations is of the form
(15) v˜ = v˜(v, x1, . . . , xn, u), x˜i = x˜i(x1, . . . , xn, u), u˜ = u˜(u).
The conditions
Γv˜v˜v˜ = Γ
v˜
v˜i˜
= 0
are equivalent to the system of partial differential equations
∂v ln |∂v˜v| = −Γvvv, ∂i ln |∂v˜v| = −Γvvi.
The integrability conditions
∂vΓ
v
vi = ∂iΓ
v
vv, ∂jΓ
v
vi = ∂iΓ
v
vj .
are exactly the conditions (12). Consequently, if the conditions (12) are satisfied, then there exist
coordinates v, x1, . . . , xn, u such that Γvvv = Γ
v
vi = 0. Choosing the new metric g in such a way that
again g(∂v, ∂u) = 1, and using (13), (14), we obtain the proof of Theorem 7 (the last statement
of Theorem 7 follows from the results of [12]). In the general case we may find coordinates such
that Γvvv = 0. This proves Theorem 6. 
6. Local structure of Weyl manifolds with parallel spinors
In this section we describe the local form of the Weyl structures with the holonomy algebras
from Theorem 5, i.e., we describe the Weyl structures admitting weighted parallel spinors.
For a metric
(16) g = 2dvdu + h+H(du)2, h = hijdx
idxj , ∂vhij = 0,
and a form ω = fdu consider the corresponding Weyl connection ∇ and the flag of parallel
distributions ℓ ⊂ ℓ⊥. Consider the factor E = ℓ⊥/ℓ. The connection ∇ induces the connection ∇E
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on the bundle E . Likewise, the connection ∇g induces the connection ∇g,E on E . Consider the
vector fields ∂i as the sections of E . For the Christoffel symbols it holds
(17) Γivj = Γ¯
i
vj = 0, Γ
i
kj = Γ¯
i
kj , Γ
i
uj = Γ¯
i
uj + fδ
i
j.
This shows that the so(n)-projections of the holonomy algebras of the connections ∇, ∇g, ∇E
coincide with the holonomy algebra of the connection ∇g,E . Now, the so(n)-projection of the
holonomy algebra of the metric g may be found using the algorithms from [13].
Theorem 9. Let (M, c,∇) be a simply connected manifold with a non-closed Weyl struc-
ture. Then (M, c,∇) admits a non-zero weighted parallel spinor of weight w if and only if the
holonomy algebra h ⊂ so(n) of the connection ∇E is the holonomy algebra of a Riemannian spin
manifold admitting a non-zero parallel spinor, around each point of M there exist local coordinates
v, x1, . . . , xn, u and a metric g ∈ c such that
g = 2dvdu+ h+H(du)2,
where H is a function, h = hijdx
idxj , ∂vhij = 0, and the corresponding 1-form ω satisfies
(18) ω = fdu, (2 + w)f = ∂vH.
Proof. Suppose that (M, c,∇) admits a non-zero weighted parallel spinor. By Theorems 8
and 7, around each point ofM there exist coordinates v, x1, . . . , xn, u and a metric g ∈ c such that
g is a Walker metric with A = 0, and ω = fdu. Consider the frame
p = ∂v, Xi = ∂i, q = ∂u − 1
2
H∂v.
Let E be the distribution spanned by the vector fields X1, . . . , Xn. By Theorem 5, the holonomy
algebra g of ∇ is either gw,h or gk. In both cases the projection of g to R id⊕R(0, 1, 0, 0) ⊂
co(1, n+1)Rp is equal to R(2, w, 0, 0). The form of the holonomy algebra remains unchanged under
any transformation of the Witt basis from Section 3. This and the Ambrose-Singer theorem imply
that the condition on the projection of the holonomy algebra to R id⊕R(0, 1, 0, 0) ⊂ co(1, n+1)Rp
is equivalent to the equalities
(19) g(R(X,Y )p, q)g(V, V ) = (2 + w)g(R(X,Y )V, V ), ∀X,Y ∈ Γ(TM), V ∈ Γ(E).
These equalities are equivalent to
Rvvab = (2 + w)R
i
iab, a, b = v, 1, . . . , n, u, (no summation over i).
The simple direct computations give the expressions
Rvvvj = R
i
ivj = R
v
vjk = R
i
ijk = 0,
Rvvvu =
1
2
∂2vH, R
i
ivu =
1
2
∂vf, R
v
vju =
1
2
∂v∂jH, R
i
iju =
1
2
∂jf.
This implies the equality (2 + w)f = ∂vH + F (u), where F (u) is a function. If w 6= −2, then
changing ω to ω−d(G(u)) for a proper G(u), we may assume that F (u) = 0. Similarly, if w = −2,
then H = −vF (u) +H0, ∂vH0 = 0. The function F (u) does influence the curvature of the metric
g [14], consequently, the coordinates may be choosen in such a way that F (u) = 0.
Let us prove the inverse implication. It is clear that the vector field ∂v is recurrent. Hence
the holonomy algebra g is either gk or it is one of the algebras from Theorem 2. In the first case
there is nothing to prove. Consider the second case. Since h ⊂ so(n) is the holonomy algbra of a
Riemannian manifold carrying a non-zero parallel spinor, the center of h is trivial. This implies
that g is one of the algebras gR,1,h, gR,2,h, gθ,β,1,h with θ = 0. The conditions on f and H , and
the proof of the first implication imply that g is gw,h. This proves the theorem. 
Consider now the second holonomy algebra from Theorem 5.
Theorem 10. Let (M, c,∇) be a simply connected manifold with a non-closed Weyl structure.
Then its holonomy algebra equals gk with k ⊂ so(n − 1) being a Riemannian holonomy algebra if
and only if there exists a metric g ∈ c and around each point of M there exist local coordinates
v, x1, . . . , xn, u such that
g = 2dvdu+ h+H(du)2,
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where H = H(x1, . . . , xn−1, u) is a function,
h =
n−1∑
i,j=1
hij(x
1, . . . , xn−1, u)dxidxj + e−2F (dxn)2,
ω = fdu, f = −1
2
∂uF,
and F = F (xn, u) is a function.
Proof. Suppose that the holonomy algebra of a Weyl structure is gk. It is clear that there
exists a matric g and a form ω as in Theorem 9. Since k ⊂ so(n− 1) ⊂ so(n) preserves the vector
subspace Rn−1 ⊂ Rn, according to the discussion before Theorem 9 and to results from [4], the
cooridnates may be chosen in such a way that
h =
n−1∑
i,j=1
hij(x
1, . . . , xn−1, u)dxidxj + hnn(xn, u)(dxn)2.
It holds
Γvvn = 0, Γ
v
nn = −
1
2
∂nH, Γ
v
in = 0, 1 6 i 6 n− 1, Γvun = −
1
2
∂uhnn − fhnn.
These equalities and condition that the vector field ∂n is recurrent imply the proof of the first
implication. The proof of the inverse implication is obvious. 
Let us consider examples of Weyl manifolds with weighted parallel spinors.
Example 1. Let (N, h) be a simply connected Riemannian spin manifold of dimension n− 1
carrying a non-zero parallel spinor. Let F (xn, u) be a function such that ∂xn∂vF 6= 0. Let
M = R×N × R× R,
g = 2dvdu+ h+ e−2F (dxn)2, c = [g],
ω = −1
2
∂uFdu,
and ∇ be the Weyl connection defined by g and ω as in (2). Then (M, c,∇) is a non-closed Weyl
structure with the holonomy algebra gk, where k ⊂ so(n − 1) is the holonomy algebra of (N, h),
and consequently (M, c,∇) curries a non-zero parallel spinor of weight −2. The dimension of the
space of weighted parallel spinors of weight −2 is the dimension of the space of parallel spinors on
(N, h) if n is even, and it is two times so big if n is odd.
Example 2. Let (N, h) be a simply connected Riemannian spin manifold of dimension n
carrying a non-zero parallel spinor. Suppose that w 6= −2. Let H be a function with ∂2vH 6= 0,
and ω = fdu, where f = 12+w∂vH. Let
M = R×N × R,
g = 2dvdu + h+ 2H(du)2, c = [g],
and ∇ be the Weyl connection defined by g and ω as in (2). Then (M, c,∇) is a non-closed Weyl
structure with the holonomy algebra gw,h, where h ⊂ so(n) is the holonomy algebra of (N, h),
and consequently (M, c,∇) curries a non-zero parallel spinor of weight w. The dimension of the
space of weighted parallel spinors of weight w equals the dimension of the space of parallel spinors
on (N, h).
PARALLEL SPINORS ON LORENTZIAN WEYL SPACES 11
7. Einstein equation
Let (M, c,∇) be a Weyl manifold. We will say that it is Einstein if the symmetric part of the
Ricci tensor of ∇ is zero.
For a metric (16) and a local function H on M let ∆H = hij∇i∇jH denote the Laplace-
Beltrami operator with respect to the u-family of the Riemannian metrics h applied to H . A dot
over a function will denote the partial derivative with respect to the coordinate u.
Theorem 11. Let (M, c,∇) be a simply connected manifold with a non-closed Weyl spin
structure of Lorentzian signature (1, n+ 1), n > 1. Then (M, c,∇) is Einstein and admits a non-
zero weighted parallel spinor of weight w if and only if w = n− 2, the holonomy algebra h ⊂ so(n)
of the connection ∇E is the holonomy algebra of a Riemannian spin manifold admitting a non-zero
parallel spinor, around each point of M there exist local coordinates v, x1, . . . , xn, u, a metric g ∈ c
and a function f with ∂vf = 0 such that
g = 2dvdu+ h+H(du)2,
where
H = nfv +H0, ∂vH0 = 0,
h = hijdx
idxj , ∂vhij = 0, the corresponding 1-form ω satisfies
ω = fdu,
and the following equations hold:
∆f = 0,
2n(n− 2)f2 − 4nf˙ + 2∆H0 − hijhklh˙ikh˙jl + 2hij h¨ij + nfhijh˙ij = 0.
Proof. Let us consider a Weyl structure as in Theorem 9 and impose the Einstein equation.
The symmetric part Rics of the connection ∇ may be written in the form
Rics = Ric + R̂ic,
where Ric is the Ricci tensor of the metric g. The assumption on the subalgebra h ⊂ so(n) and
the computations from [14] imply that
Ricvv = Ricvi = Ricij = 0,
Ricvu = −1
2
∂2vH, Riciu = −
1
2
∂v∂iH,
Ricuu = −1
4
H∂2vH +
1
2
∆H − 1
4
hijhklh˙ikh˙jl +
1
2
hij h¨ij +
1
4
hij h˙ij∂vH.
It is easy to check directly that
R̂icvv = R̂icvi = 0, R̂icij = hij∂vf,
R̂icvu =
n+ 2
2
∂vf, R̂iciu =
n
2
∂if,
R̂icuu = nf˙ − nf2 +H∂vf + n
2
f∂vH.
Now, the equation Ricsij = 0 is equivalent to ∂vf = 0. Using this, we see that the equations
Ricsvu = 0 and Ric
s
iu = 0 are equivalent to
∂2vH = 0, n∂if − ∂i∂vH = 0.
Recall that it holds (w + 2)f = ∂vH . Since the Weyl structure is non-closed, there exists a
coordinate system and an index i such that ∂if 6= 0. This implies that n = w+2. The rest of the
proof of the theorem follows directly from the equality Ricsuu = 0. 
Corollary 1. Let (M, c,∇) be a simply connected manifold with a non-closed Weyl spin
structure of Lorentzian signature (1, n+1), n > 1. If (M, c,∇) is Einstein and admits a non-zero
weighted parallel spinor of weight w, then w = n − 2, and the holonomy algebra of (M, c,∇) is
gw,h, where h ⊂ so(n) is the holonomy algebra of a Riemannian spin manifold admitting a non-zero
parallel spinor.
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Example 3. Let (N, h) be a simply connected Riemannian spin manifold of dimension n
carrying a non-zero parallel spinor and with a non-constant harmonic function F . Let w = n− 2.
If n = 2, then we set f = F . If n 6= 2, then we set f = − 1(n−2)uF. Let ω = fdu. Let
M = R×N × R+,
g = 2dvdu+ h+ 2nf(du)2, c = [g],
and ∇ be the Weyl connection defined by g and ω as in (2). Then (M, c,∇) is an Einstein non-
closed Weyl structure with the holonomy algebra gw,h, where h ⊂ so(n) is the holonomy algebra of
(N, h), and (M, c,∇) curries a non-zero parallel spinor of weight w = n − 2. The dimension of
the space of weighted parallel spinors of weight w = n− 2 is equal to the dimension of the space of
parallel spinors on (N, h).
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